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Quantum-Symmetric and Quantum-Antisymmetric
Matrices Corresponding to a Quantum Group

and Quadratic Homogeneous Expressions on
Quantum Hyperplane

Zai-Zhe Zhong!

Received January 4, 1997

Quantum-symmetric matrices and quantum-antisymmetric matrices correspond-
ing to a given quantum group are discussed, some concrete examples are given,
and some relevant invariances are proven.

In physics and mathematics symmetric and antisymmetric matrices play
important roles, and in linear algebra symmetric matrices, antisymmetric
matrices, coordinate transformations, and quadratic homogeneous forms are
related to each other. In quantum groups and noncommutative geometry
(Manin, 1988; Faddeev et al., 1987), when the quantum deformation parame-
ters approach 1, a quantum group G, can in fact be regarded as an ordinary
linear group G. Therefore we expect that in quantum groups and noncommuta-
tive geometry, there are also quantum-symmetric matrices and quantum-
antisymmetric matrices. This paper gives some fundamental results for this
problem. We find that the case is different from ordinary linear algebra.
There is not a unitary form for the quantum-symmetric matrix or quantum-
antisymmetric matrix in quantum groups and noncommutative geometry. In
fact, in ordinary linear algebra whenever a matrix M = (M!) is in one of the
matrix groups, if M} = M, then M is called symmetric, or if Mi = ~M/,
then M is called antisymmetric, and the symmetry or antisymmetry is invariant
under an involution transformation of matrices, etc. However, for different
quantum groups G,, the G, -symmetric or G,-antisymmetric matrices have
different forms, which depend on the choice of the expressions for the commu-
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tation relation in these quantum groups. The quantum symmetry is also
invariant under an involution transformation of quantum matrices. In particu-
lar, it is interesting that in the ordinary sense these G,-symmetric or G,-
antisymmetric matrices, on the contrary, are not symmetric or antisymmetric,
respectively. Only when the quantum deformation parameters approach 1 do
they change into ordinary symmetric or antisymmetric matrices, respectively.

In this paper we use the following known results. Suppose that G, is a
quantum group whose elements are n X n quantum matrices M = (M}); then

there is a Yang—Baxter matrix R= (Ri) G, .k, 1=1,2,...,n)corresponding
to G,, satisfying the Yang-Baxter equation
Iéxzézskxz = R23R12é23 (D

The action space of G, is a quantum hyperplane P, which, in fact, is a
noncommutative and associative C- (or any field of characteristic zero) alge-
bra with the unit element. Let x/ (i = 1, 2, ..., n) denote the coordinates
(the generators). We require that in P there is the differential calculus: the
partial derivative operator 9; = 3/dx’, 3;(x’) = &/, and the differential dx‘d;.
According to Song and Liao (1992, 1993), the commutation relations among
x, 9;, and dx’ are

xx/ = Bixk! (2a)
xidx) = Cdxkx! (2b)
o’ = 8 + Clx*9; (2c)
dxidi = —(C1)idx*dx! @d)
ddx’ = (C™VYidx's; e)
9,9; = B39, 26

where B and C are numerical matrices. The consistency of equations (2a)—(2f)
is guaranteed by the following equations:

(Eiz = Bi))(Ex + Ci) =0
(E1z — B12)Cp3Ci2 = C3Cio(Ey3 — Bys) 3)
C12C;Chy = C3CiCys

where E is the unit matrix. The concrete values of B and C can be chosen
according to the corresponding R = (Rj). In this paper, we assume that B
and C have been determined for P. A quantum matrix M € G, means that
M satisfies the Yang—Baxter relation

M\ M,R,; = RiyM\ M, @
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The commutation relations (2a—2f) are covariant under the following
transformations:

xio = Mix, dx' — d¥' = M} dx’
3 = 0; = [(M)™'1fo, )
where ¢ denotes the transposition of a matrix. Equations (5) give
(Era = B)M M, = 0, (Eia + CLOM M, = 0 )]

Therefore the quantum group G, can be regarded a “coordinate transformation
group” of the quantum hyperplane P.

Now we consider what is a quantum-symmetric matrix. If ¢; (i = 1, 2,
..., h) are n algebraic elements, and a;a; = a;a; (e.g., if a; € C), then the
matrix N = (Ny), N;j = a;a;, obviously is a symmetric matrix in the ordinary
sense. However, if a; does not commute with g; for i # j, and there is a
consistent commutation relation a,a; = Z {j’ aia;, where Z is a numerical matrix
containing some deformation parameters, then N is not a symmetric matrix
in the ordinary sense. However, the commutation relation N, = Z7,N,,
reflects some “quantum symmetry” of N; in other words, N is a quantum
deformation of an ordinary symmetric matrix. For a quantum group G, the
quantum G, symmetry must be invariant under the linear transformations
introduced by transformations as in equations (5); therefore the choice of the
numerical matrix Z is restricted. In addition, for the quantum group G, such
matrices, in fact, cannot consist of x/, 9;, and dx*, and we must reconsider
other noncommutative algebras.

Definition 1. If ann X nmatrix £ = (£,) (a,b = 1,2, ..., n) satisfies
the relation

L= BZb'ggy U

where B is defined as in equations (2a), (2f), and (3), then £ is called a
(quantum) G,-symmetric matrix.

Remark. The ¥, can be both numbers and abstract algebraic elements,
in the latter case there may be other commutation relations, and in this way
some quantum groups can be nonlinearly realized (Zhong, 1994, 1996). In
addition, such a G,-symmetric matrix obviously is not a symmetric matrix
in the ordinary sense unless all quantum deformation parameters approach
1 (then BY, = 3:34).

Proposition 1. The G, symmetry is invariant under a G, -involution
transformation, i.e., if £ is G,-symmetric and M € G,, then £ = M'EM is
also G,-symmetric.
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Proof. According to equations (6) and (7),
B, = BR,MIM2, = MM &, = 2, ®)
so £ is G,-symmetric. QED

In order to write the concrete form of a G,-symmetric matrix £, the
relation between £, for a < b and &£;; for j = i is required. Let us write
equation (7) as

Lp = Bf;j'ggiq + sz%jiizj ©)]

where here and in the followmg we use simplified symbols, e.g., B/ denotes
those BY, when i < j, and Bi/¥,; = 3.; B4, etc. Thus we can obtain

(§£b>a 5,>>la = ('ggrSs)tB]':fiY
(Lo LIS = (£:2)BZ] (10)

where (£,<) is the $n(n — 1) line matrix (L, . .., Lipy L3, ..., Lus1),
etc., and

<b — b <b b> — {b —_ b>
?<j 8a8 B?<j H j>[a 8 aa ]>la (11)

If we take equations (10) as linear equations about the unknown &£,., or
£, and solve them, then we obtain the required expressions as follows:

— = =r - = |AV3
$a<b - =(£s2r Z<Z’ fz<z - f<jr(L )
$b>a = $rSsl—‘l’;iin gfz = j>l (L ! >' (12)

where we have used det(L) # 0; for a given quantum group G, this condition
generally can be satisfied by some suitable choices of B. Therefore the general
form of a G;-symmetric matrix is

£ £ SRR A
@ = | .rSS 5822 §£2n
e, TEFey - Lo 1)
Ly A 0 AL,
| o ATE,
Lt L2 §Bnn

Example 1. The general quantum linear group is GLy., (N), where g
e C (i <j) are the quantum deformation parameters, and X € C, p;q; =
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X. When all pi=4q; = 1, then GLy,,,(N) changes into the ordinary GL(N).
Notice that R}, = R7,, then accordmg to Schirrmacher (1991),

BY, = (R i = 84;85(8'7 AR i) " af,'a;;eﬁ( - l) (14)
qji Py X
where 67 equals 1 for i > j and 0 otherwise. From (11) we obtain

- 1
Lize = 828, BiZ} = 88 —

prs (15)

- 1 =

IS = 88 —. AJZL = S/ pys

rs

Therefore the general form of a GLX;qij (N)-symmetric matrix is

£ K23 R L P12$21 Tt Plnecgnl
P = (1/1712)5512 3323 cor Lo _ £ £y te P2n§£n2
(llpln)‘gln (1/p2n)§£2n Tt 5£r1n §gnl “(enZ e gnn
(16)

To sum up, the GLX.,q,.j (N)-symmetry relationis £y, = (1/p )L qs fora < b.

Example 2. The general expressions with regard to SO(N) are more
complicated; here we only do the calculation for SO,(3). Now we take (Song
and Liao, 1992, 1993)

12 13 21 2 2B 3 32 B
nii o 0 0 0 0 0 0 0
1 1
2o 1-- : 0 0 0 0 o0 o
q q
1 1 1\ 1 1
Blo o 1——(1——) 0 —(1—~)—- o L+ o o
( qz) q ) Jq 7
R ‘11 0 0 0 0 o0 0 o0
T
B= li= 17
g 2|0 o —(1——13)-‘— 0 1 0 0 0 0 an
7] Jq q
1 \
#Blo o 0 0 0 1-5 0 - 0
q q
3110 o0 ;‘5 0 0 0 0 0 0
nlo o 0 0 0 % 0 0 o0
30 0 0 0 0 0 0 0 0
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From (17) we obtain

2t 31 R 12 13 23 12 13 23
11 0 0 Q0 11 0 0 0 1t 0 0 0
2l 1 o o 21| L 0 0 21 0 0 0
s = a = g = 3
BE=Tf=p31 0 L o - B=22| 0 _(,_L)L o+ Af=m| o C-gNg ¢
7 9/ Jq ¢+g-1
2] 6 0 0 3l o 1 0 3 0 9. 0
¢ g +q-|
230 0 o 1 32 o 0 1 32 0 0 q
nlo o § 13| o 0 g 33| o 0 0
21 31 32 12 13 23
i
21 1 0 0 12 7 0 )
1ot
Lz= 31 0 1 0 L= 13 0 ;+;—; 0
1
32 0 0 1 23 0 0 7
(18)
Therefore the general form of a SO,(3)-symmetric matrix is
£ Lo £y
1
-Z £n I
F=|gq
1 1 (19)
_2.5213 =%y L
q q
2
IV 2] R S 2 7 B R R ) |
_ +qg-—1 g +q-—1
Ly In g
£y En £
To sum up, the SO,(3)-symmetry relations are
1 P = 1 1
£ =—-%n, 2 ==%n, £y = - L3
q q q (20)

1
Ly — Ly = (\/5 - _>$22
Ja
In addition, it has been proved (Song and Liao, 1992, 1993) that in the
g-Euclidean space E’ one has the metric g; and
8i Rl = Ngu 2D

where A is an eigenvalue of R. Therefore the metric 8y, in fact, is a SO,(3)-
symmetric numerical matrix.
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To return to the general case, if £ = (£,,) is a G,-symmetric matrix
whose entries commute with the coordinates x° of P, then F = (x)/P(x) =
&,.x"x* is a quadratic homogeneous expression on P. We call F a “standard
quadratic homogeneous expression” on P,

Proposition 2. Under the coordinate transformation of P as in (5) a
standard quadratic homogeneous expression on P is changed into a standard
quadratic homogeneous expression on P.

Proof. Under the transformation as in (5)
F > F = @%@ = [MOIEMx) = )IMEM]x) = 0'Ex) (22)

By Proposition 1, & still is G,-symmetric, so F is a standard quadratic
homogeneous expression on P. QED

Proposition 3. Let the commutation relation (2a) be regarded as a
substitution

xix = Bixh! (23)
Then under this substitution a standard quadratic homogeneous expression
is invariant.
Proof. In fact, by (7)
F=%.xx*>F' =%,Bfx'x) = L;x'x’ = F QED 24)
In the following we discuss quantum-antisymmetric matrices.
Definition 2. If an n X n matrix d = (d,,) (@, b = 1,2, . .., n) satisfies
| oy = —[C"Yipsd (25)
where C is defined as in (2c) and (3), then o is called a (quantum) G,
antisymmetric matrix.

Remark. The s, can be both numbers and abstract algebraic elements.
In the latter case, by the use of polynomials on P some quantum groups can
be nonlinearly realized. In addition, a G,-antisymmetric matrix is always not
an antisymmetric matrix in the ordinary sense unless all quantum deformation
parameters approach 1 (then [C 1)), = 3}34).

Proposition 4. The Gantisymmetry is invariant under a Gg-involution
transformation, i.e., if o is G,-antisymmetric and M € G, then d = M'sAM
is also G,-antisymmetric.

Proof. According to equations (6) and (25),
—[CT sy = —[CTVGMIM; s,y = MiMisl; = oy, (26)

so d is G, -antisymmetric. QED
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Equation (25) can be written as
(Ap>)KEF = (A [-C TS @7
KiZe = 8bdg + [—C']2s
If equation (27) is regarded as a linear equation about &4, then we can obtain

Apsq = _drs.cq’lrésa

(28)
sa = [CTEIK R,
Similarly, we have
Aoy = — AP, (29)
52 = [CTIEIK D,
Therefore, the general form of a G,-antisymmetric matrix is
An Az e sy,
a=| VA e
s, —UTS &1r<s e A, (30)

‘ﬂll —q))l‘§r'ﬂszr e q)s>r s=r
Ay Ay s —O5TA

‘Sdn] 'ﬂrﬂ Tt 'ﬂrm
Remark. As for the diagonal entries A, (@ = 1, 2, ..., n), it is easily

seen from A, = —~[C~']4,sd; that many of the &), Ay, ..., A, in fact,
are zeros for a concrete C.
Example 3. For G, = GLx,,;(N) (Schlrrmacher 1991; Zhong, 1996),

and R as in (14), we can take C~! = XR. Therefore the general form of a
GLx,q,, (N)-antisymmetric matrix is

0 Ay e Ay,
R I
gl ~quan O 31)
0 -Wg)dn -+ —(lg)dn
_ | st 0 oo = (Uga) sy

&q'nl ‘ﬂnZ T 0
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Example 4. For G, = S0,3), R is as in (17). We can take C ! = gk;
then the general form of a SO,(3)-antisymmetric matrix is

0 A sy
A =|—qd; Ay Ay
—diz —qdyn 0

i 1 -4 1
0 —msly — ey~
" i@ +qg-1" 7 q@+q-D
_ 1
‘Sﬁll &QZZ - &q32
q
s A, 0

(32)

If o is a general G,-antisymmetric matrix, then we call H = ,,dx’dx’ a
“standard quadratic form” on the quantum hyperplane P.

Proposition 5. Under the coordinate transformation of P as in (5), a
standard quadratic form on P is changed into a standard quadratic form on P.

Proposition 6. Let the commutation relation (2d) be regarded as a
substitution

dx'dx) — —[C ™1} dx*dx’ (33)

Then under this substitution a standard quadratic form is invariant.
The proofs of Propositions 5 and 6 are similar to those of Propositions
2 and 3, respectively.
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